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Completeness proves circuit equivalence

Cnaive

target map CNOT b
A€ GL(4,TFy) synthesis Copt R b Chaive = Copt

D
S d
D

D
b-e
D

e d
D

—D

Definition (Presentation, soundness, completeness)

A presentation (X | R) fixes generators ¥ and equations R. For a semantics [—], it is sound
when R C =D = [C] = [D], and complete when [C]| = [D] = R+ C = D.
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Start with qutrit Clifford

Source complete PRO presentation for qutrit Clifford circuits (Li et al., QPL 2025).

a &

c2

c3 Bflls

c5

aa X X = T
cs:
o B = 11°

cro I = cas o = 55
C11: Cl?ﬂzﬁ

c2 X = X

as B =
cs 1T =

D —
]

“T =T

wip =
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PRO: composition is structural

Definition (PRO)

A PRO is a strict monoidal category
with objects N, tensor

m ®n = m + n, and monoidal unit
0.

sequential composition

[ 9]

gof:2—2

parallel composition

PRO coherence laws

— -0

identity for o
foid=1ido f=f

unit for ®

associativity of o
(hog)of=ho(golf)

o
associativity of ®
(f®9)@h=FfR(gOh)

(9o f)®@(koh)=(9@k)o(f@h)
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PROP: symmetry is structural

Definition (PROP)

A PROP is a strict symmetric
monoidal category with objects N,
m ®n =m 4+ n, and symmetries
Ommpn-Mm+n—n-+m.

01,1:2—2

>

wire permutations are
part of the structure

PROP symmetry laws

DOC-—] By

2 o
0” =idz naturality of o

o1,1 0011 = id2 co(f®id) =({d® f)oc

When an old equation only manages wires, it
becomes an equation of the ambient
diagrammatic language.
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Some equations become ambient

a @ =

c2 = —

c3 BiEsls = —
ca - —O©
=

a XOC == w® = N§
B = as 17 = gge
- = b = T
a0 HC = Xg  as o = 5C
ar BC = Xg  ar 5% = &
o DC = XTI as+p = 73

The faded rows are supplied by PROP symmetry: o2 = id, naturality, and symmetric monoidal coherence.
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Some equations become ambient

c13
ca 1T

- 18

c1 =
_
c2 = cs
_
c3 = )
ca - —O©
=
w 11l = = cr2 1XC

The faded rows are supplied by PROP symmetry: o2 = id, naturality, and symmetric monoidal coherence.

P
]

- W=l

= XTI

wr = 3
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The reduced qutrit PROP presentation

w2:@® = o
' - —
s FEE - —
B EEE - AR @
SST siklsiikl = xlsKxls}

The 18 source PRO relations become 10 non-structural PROP relations, still complete for
qutrit Clifford circuits.

17)(19]



Minimality tests one removed rule

Pick a circuit equation. Remove it.

Example removal test

Rrea \ {p} F L,=R,

?

Definition
An axiom p: L=R € R is
independent when

R\ {p} ¥ L =R.

A finite presentation is minimal when
every axiom is independent.

Here S - L = R means equality generated by S

under composition, tensor, and symmetry.
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Separation proves independence

Lemma (Separation)

Let p: L = R € R, and remove it from the
presentation. If there is an alternative PROP
interpretation [-]a1s such that

[Jarw =R\ {p} and  [Llax # [Rax,

then R\ {p} ¥ L = R. Hence p is
independent. S =R\ {n}

I3[ Jare ([are = RN A} A [L]ate # [Rar)
— R\ {p}¥ L=R.

~
&)

assume SEFL =R

\k
[Jar: =S
= [[L]]alt = HR]]alt

{ )
| |
5 ‘ separator: [Jais E S ’
{ J

HL]] alt 76 HR]] alt
T

SFL=R
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Occurrence separates a binary equation

Define [-Jai =73
It returns 1 exactly when the I~ generator occurs.

scalar and one-qutrit equations

w'? = o [Jax:0=0 | cpPn
H* = [Jat:0=0 | KkcC
S8 = — [Jart:0=0 cz
E e = [-Jare : 0=0 B
SS" FHE = WS [Jae:0=0 I

p:CPh [Jait E R\ {CPh} and [Lcprlat # [Rophlai. Therefore CPh is independent.

[Ja :
[Ja :
[Ja :
[Jar :
[Ja :

140
1=1
1=1
1=1
1=1
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A binary rule only needs binary checks

Lemma (arity truncation). Suppose every generator in a presentation is an
endomorphism. Let R<,, be the equations in R whose sides have arity at most n. For
C,D:n—n,

REFC=D <= R<,FC=D.

binary
equation

ternary
equation

no place inside
a 2-wire derivation

The presentation is complete at all arities; for a 2-wire equation, an independence
proof only has to validate the retained equations of arity 0, 1, and 2.
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CX parity uses the arity lemma

For the KC equation, use [-]aic = #{ 3 }[2 on the 0-, 1-, and 2-wire sub-PROP.

scalar and one-qutrit equations interaction equations

12 = o . .0 = _ T
w [Jait :0=0 | cpn [Jarc : 0 =0
HA =~ [a:0=0 | gc - [ate : 1#0

3 = — 0 =

S [Jare :0=0 CZ mbmmm = [Ja :1=1

E = [alt : 0=0 B X = [Jare :1=1
5§ FHEH- = HEE [Ja:0=0 I PN [Jare : 1 #0

By arity truncation, the ternary braid is outside the proof obligation for the binary rule KC': 2 — 2.
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A substitution separates a one-qutrit equation

Define [[-Jait by — {Hxt.

The generators w12, H, and 7~ keep their usual projective qutrit interpretation.

w!? =0 unchanged
a4 ~ H unchanged
S8 ~ image of 53 =1
E TIHAERE ~ FERERE @ image of the H, S relation
Ss’ SIEERE- % RERKEX- separated

[Jait = R<1\{SS’}, but the two sides of the SS” equation have different projective images.
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Qutrit Clifford is settled through two wires

Each displayed rule has a separating PROP morphism.

@D = = — = —
= [T &5,
= = l
K
#{ 8}z > C

-3
AR

— ==.€= ¥
#{}2
The reduced qutrit presentation is minimal on the full sub-PROP generated by the objects 0, 1,
and 2.

e

e aus ol
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Reduced presentations across six fragments

fragment previous  reduced minimality status

qubit Clifford 15 8 ) minimal in all arities

real Clifford 16 10 ) minimal in all arities

CNOT-dihedral 13 11 ) minimal in all arities

Clifford+T (< 2q) 18 11 O mlrylmal throu.gh 1-qubit circuits; remaining 2-qubit
equations undecided

Clifford+CS (< 3q) 17 14 O nTlnlmaI through 2-qubit circuits; remaining 3-qubit rule
family undecided

qutrit Clifford 18 10 (O minimal through 2-qutrits; ternary braid open
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One ternary braid remains

P

Conjecture
The reduced qutrit Clifford PROP presentation is minimal. Equivalently, for the
ternary braid I : Ly = Ry,

R\{I}}‘L[ = Rj.
Proven so far:
vaRSQ, R\{p}l"p

The displayed 3-wire equation is the remaining case.
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Can we use other separators?

A candidate separator is a PROP morphism that validates all retained equations and falsifies
the tested one.

Structure Equations

[-Jait : Ps — M, with M a PROP [Lalait = [Ra]art for every o # p
[[O'Halt =0M [[Lp]]alt 7& [[Rp]]alt

[f ® glae = [fTaxe @ [g]lare hence R\ {p} ¥ L, =R,

[[9 © fﬂalt = [[gﬂalt o [[f]]alt

Target families searched
% (#g1,- -, #3r) PU(d) et
#{g} mod n g9 finite PROPs
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Clifford4+C'S: one template, four open rules

k k
T (e G S E
oo e[ [ = S el e ke{0,1,2,3)
1 1 1 4‘7
Occurrence and counts agree Substitution target
/!
9(Li) =79(Ry), g9
#gH(Ly) = #{gH(Ry). o 2R )
for the occurrence and counting tests [Zlae # [RkJa
used above. A separator for pj would satisfy both

conditions.
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Complete, then independent

(2| R) Om,n a 0-, 1-, 2-wire
qutrit source PRO reduced PROP separation rules independent
18 equations 10 equations tests ternary braid

still open

For every open row p: L, = R,, prove one of:
; f

[ open relation p ]

. separate it
derive it
R\ {p} Ly, =R, remove/replace [lar = R A A{e}
[[LP]]alt # HRP]]alt keep

Questions?

colin.blake@inria.fr
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Backup 1: formal separation argument

Lemma

Let Px be the free PROP on the fragment signature, let R be a finite set of equations in Py, and let
p:L=ReR. Put S=R\{p} Suppose thereis a PROP M and a strict symmetric monoidal
functor F': Ps; — M, identity on objects, such that

V(A=B)eS, F(A)=F(B), F(L)+#F(R).

Then S ¥ L = R, so p is independent.

Proof
Define
Er ={(A,B) | F(A) = F(B)}.

Since F' preserves identities, symmetries, tensor, and sequential composition, Er is a PROP
congruence on Ps. Since F' |= S, every equation of S lies in Er. The derivability relation generated
by S is the least PROP congruence containing S, hence

SFA=B = F(A) =F(B).

Applying this to A = L, B = R would contradict F'(L) # F(R).

Countermodel /soundness direction of the Birkhoff-style argument.



Backup 2: qubit Clifford relations

=
(




Backup 3: real Clifford relations

T ) @
ZfHHz A = O HHzfHHzE (F) - (&)
= X — e —1

®) 121® o 9
ek _ ¢ (Czr)  ~©{Hf®z[H}  |HHzl&|H]&-
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= (1
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Backup 4: qutrit Clifford relations

@ ®12 = é:iu) = — ) = *( .
w (H S

= )
E

— —
- PERE, dmd-




Backup 5: Clifford+T relations

(™)

(«®)

-®

()

(CPh)

G,

pallip:

(TX)

(HTH)




Backup 6: Clifford4+C'S relations

4?—T

OF=iy BE e L EEEE - - @
- © EEEEEEE
b B T -oac

(CPh) (Csr)
PSSO : - (xCs)
( 40—0—0—.7
o % 0
o (CE) b-

k ' ' . 1 k
\ ' \ L
+[il [ +f+|+l+l+::
\
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Backup 7: CNOT-dihedral relations




Backup 8: minimality separators |

qubit Clifford

real Clifford

relation separator

relation separator

qutrit Clifford

w8 Pws

H? TH

sS4 78

E #{H} )

CPh 7CX

B #{SW AP}y

cz #{CX,SW AP}y
I arg deto

_2 ?_

H? ?H

Z2 7

F #{wh

cX? 7CX

B #{SW AP}y
ZC #{Z}

CF Zw— 1

CZr Hw— 1T
I arg detg

relation separator

wl? Twio

H* H

53 78

E #{H} 2

SS’ S SX
CPh CX

B #{SW AP}y
cz #{S}3

KC  #{CX}y
I —




Backup 9: minimality separators Il

Clifford+T
relation separator
w8 Tws
H? ?H
T8 7T
12 #{H}
TX #{H7 T7w}[2]
CPh 7CX
B #{SWAP} 5
Ccz #{CX,SW AP}y
CSH -
ar? -
HTH -

Clifford+C'S

relation separator

w8 Tws

H? ?H

54 7S

E #{H} 2
CPh CX

B #{SW AP}y

XCS  #{S, H}[Q]
CSr CSw— CS,
CE CSw— CS,,
I arg deto
SHy, -

CNOT-dihedral

relation separator

w8 Tws
T8 2T
X2 X

TX #{wl
XC #{X} 2

CPh 70X

B #{SW AP}y,

zC #{va’w}[s]

I #{CX, SW AP}y,

C2T #{T7w7w}[4]
c3T argdets




